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THESIS ABSTRACT 
 
Sara Sabrina Papamarcos 
 
Master of Science 
 
Department of Geological Sciences 
 
March 2012 
 
Title: A Model of Basal Hydrologic Networks and Effective Stress Beneath an Ice 
Sheet 
 
 
Subglacial processes that control the water pressure and flow determine the large-
scale behavior of the overlying ice by regulating basal resistance. We implement a 
model in which a steady-state subglacial conduit system is surrounded by fully-
saturated porous media. We investigate branching in this system at fixed angles 
of 15), 30) and 45) to the direction of ice flow and further assess these systems by 
calculating the hydraulic potential gradient to determine conduit flow path. We 
solve our governing equations for porous media flow and allow ice infiltration of 
the pore space to occur at a critical effective stress Ninfiltration. For low values of 
Ninfiltration, ice infiltration of sediment allows these conduits to follow their original 
paths. Where insufficient ice infiltration occurs, the conduit path instead lies 
parallel to the direction of ice flow. Our results speak to the importance of 
incorporating small-scale processes into models of subglacial hydrologic networks. 
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CHAPTER I
INTRODUCTION
Subglacial processes determine the large-scale behavior of the overlying ice
sheet by regulating basal resistance. Resistance occurs as ice deforms around
obstacles and as debris is dragged along the bed. Much attention has been
focused on the relationship between the water present at the base of the ice
sheet and the basal resistance because this basal water is thought to reduce
friction by drowning out smaller roughness elements (Lliboutry, 1964; Schoof,
2005) and exerting a pressure that partly offsets the weight of the overlying ice
(Kamb, 1991).
Despite this seemingly simple relationship between basal water and
basal resistance, it is difficult to ascertain basal conditions from the data
available. Complete 300 m resolution velocity maps are newly available for
Antarctica (Rignot et al., 2011), but inverting for basal conditions requires the
interpretation of a hydrologic model. Synthetic Aperture Radar (SAR) methods
have sucessfully mapped the bed, though difficulty arises in trying to distinguish
roughness from wetness at the bed-ice interface (Jezek et al., 2011) because
the scale of the signal is the same as that of the error. Direct measurements of
bed conditions are limited to point-data from boreholes, which have been used
to measure properties like basal water pressure and hydraulic conductivity of
subglacial sediments (Fountain and Walder, 1998). Dye-tracing has been used
to measure discharge and mean flow velocity in systems with known hydraulic
geometry (Nienow et al., 1996), though this method is difficult to implement in
an ice sheet setting.
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Lacking an explicit way to determine subglacial hydrology, it therefore
becomes necessary to model the types of hydrologic networks we see evidence
for: linked cavities, conduits, and porous media flow. Linked cavities provide
a viable explanation for the surging behavior seen in hard-bedded glaciers like
Variegated Glacier (Kamb et al., 1985) and are substantiated by subsequent
borehole observations of water level and pressure (Flowers, 2010). Studies
of eskers formed under the Laurentide and Eurasian ice sheets indicate past
arborescent networks of conduits, where eskers are typically associated with
rigid beds and are comprised of coarser sediment (Clark and Walder, 1994). Till
layers of up to ten meters thick range from continuous sheets to discontinuous
patches and are commonly observed beneath ice sheets, whereas these patches
are less common beneath valley glaciers (Fountain and Walder, 1998).
Presently, many models focus on the linked cavity system of a hard-bedded
glacier (Creyts and Schoof, 2009; Schoof, 2010; Hewitt, 2011). These studies
model water flow through macroporous sheets, which act as thin, widespread
conduits and tend to average the subglacial processes such that a physical
sense of what happens where the ice contacts the bed is obscured. My model
is distinct from many recent models of subglacial hydrology in that it focuses
on soft-bedded ice sheets where water flows through conduits incised in till, a
notion supported by previous studies of such conduits (Fountain and Walder,
1998; Walder and Fowler, 1994). These conduits are in turn supplied by water
from their surroundings by porous media flow, a well-documented process. In
modeling water flow through the till bed, we capture the conditions of the bed-
ice interface in hopes of providing physical insight into the location of conduits
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beneath the ice sheet and their effect on the stress conditions in the surrounding
bed.
Additionally, my model strives to address the rigid structure of networks
seen in previous modeling efforts in order to produce networks that are more
arborescent in nature, resulting in branched conduits. The primary control
on this structure is the dominant potential gradient imposed by variations in
elevation of the ice surface, which drive ice flow and cause modeled conduits
to align parallel to ice flow in rigid lines (Hewitt, 2011; Pimentel and Flowers,
2011). An alternative strategy used to impose arborescent networks requires
water flow to occur along a set grid, where water must flow between nodes at 45
degrees to the direction of ice flow (Schoof, 2010). My model bridges the middle
ground between these methods by requiring the position of the conduit beneath
the ice sheet to depend on the strong ice thickness gradient while allowing other
physical factors to produce deviations in this flow direction.
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FIGURE 1. (a) Map of Antarctica with corresponding ψ values calculated using
data from BAS (2000), (b) Location of Recovery Basin imposed on velocity map
of Antarctica modified from Rignot et al. (2011).
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Understanding both the steady-state and transient conditions at the bed
is crucial to understanding the interaction between subglacial processes and
the sliding rate of the overlying ice sheet. While transient events are frequently
studied due to the notion that flooding a system with water causes surging in
the overlying ice sheet, steady-state studies provide insight into the nature of
long-term trends in sliding. This study therefore focuses on conditions typical
of the East Antarctic ice sheet, wherein a steady-state network of conduits
might be expected due to the slow pace of the ice sheet and the low rate of
water input. Figure 1 shows a map that we generated using BEDMAP data
provided by the British Antarctic Survey (BAS) to show the driving potential
gradient for Antarctica and focuses on the Recovery Basin that we base our
parameter estimates on. We examine how a conduit system could organize itself
such that arborescent branches would remain in a steady-state configuration as
well as how local bed properties might affect the location of the conduit and
the stress conditions in the surrounding bed. Using these results, we examine
the implications of how varying bed properties influence the bed and conduit
effective stress as well as the conditions under which a steady-state conduit
network with a set geometry may exist.
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CHAPTER II
DRAINAGE MODELS
We consider an ice sheet sliding over a till bed with porous media flow
draining meltwater generated at the ice-bed interface to adjacent conduits cut
into the till. Here, we present the main model and the governing equations, for
a more detailed derivation refer to the appendices. The coordinate system and
boundary conditions used in the model are designed to examine branching that
occurs symmetrically around a central conduit that is supplied by meltwater
from both sides before branching and whose subsequent branches are supplied
only by meltwater from between the central and far hydrologic divides. Ice flows
in the y-direction, with the horizontal component x measured as positive from
the central conduit toward a hydrologic divide (Figure 2). The gradient imposed
by changes in the surface elevation zs is directed only in the y-direction.
Additional changes in bed elevation zb occur in x and y, contributing to the
total hydraulic potential at depth z < zb,
Φ = P (zb) + ρwg(zb − z) + δP (z) (2.1)
where P (zb) is the water pressure at zb, ρw is the density of water, g is the
gravitational acceleration, and δP is the non-hydrostatic component of water
pressure at some depth z < zb. The datum z = 0 is located at first contact
between ice and the underlying till. We assume that ice can infiltrate into the
till and fill the pore space such that the bulk density of ice-saturated till is
written in terms of the porosity of till φ, the density of till ρt, and the density
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of ice ρi as ρb = φρi + (1− φ)ρt. Water flows down a potential gradient ∇Φ that
consists of a geometrical potential
ψ = −ρig∇zs − (ρw − ρb)g∇zb, (2.2)
and the gradient in effective stress N so that
−∇Φ = −ψ −∇N (2.3)
where ρi is the density of ice and N is the overburden pressure less the water
pressure at zb. We examine steady-state configurations where all water present
at the base of the ice sheet results from melting at the ice-bed interface. We
assume that conduits form along the highest potential gradients, and by
calculating the potental gradient for the conduit at various angles, we determine
the path of the conduit through a till bed. In preliminary work, we found that
network geometries are dominated by the strong gravitational gradient imposed
by changes in ice thickness but that when conduits were forced to branch,
regions of high effective stress exist between branches. Work by Rempel (2009)
states that at high effective stress, ice infiltrates into the pore space between
sediment, possibly providing a mechanism for keeping branches of a conduit
network separate by causing the potential gradient to deviate from the direction
of the ice surface gradient.
Porous Media Flow
Water flows through the till layer of uniform thickness hsed, bounded
by the ice above and impermeable bedrock below. We use a depth-averaged
6
FIGURE 2. Rough diagram showing parameter definitions as well as how the
finite difference model relates to the physical boundaries of the system.
equation for Darcy flow to quantify porous media flow and determine the
effective stress at the bed. We are interested in conditions typical of ice sheets
like the East Antarctic Ice Sheet, where what little surface melting that occurs
during the summer is expected to freeze near the surface so the water balance at
the bed does not involve significant external inputs. We estimate the divergence
in water flux at the ice-bed interface using an intermediate melt rate of
·
m =
5 mm/yr where water flows along the hydraulic potential gradient described
previously (2.3). The rate of flow is proportional to the transmissivity T and it
diverges in response to the melting so that
·
m= ∇ ·
(
T
ρwg
[ψ +∇N ]
)
. (2.4)
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We determine this melting rate using a heat balance that accounts for local
heat fluxes due to geothermal heating, frictional heating, and conduction of heat
away from the bed through the ice sheet. When N exceeds the critical effective
stress of Ninfiltration, the transmissivity changes as a function of effectives stress,
T = To + λ(N −Ninfiltration) for N > Ninfiltration (2.5)
due to infiltration of ice into the till where the negative constant λ limits
the area through which basal meltwater can flow. At low effective stress, the
transmissivity is constant at
T = To for N ≤ Ninfiltration (2.6)
We solve our governing equation (2.4) using a finite difference method where a
zero-flow condition is applied as the boundary condition at hydrologic divides
such that depth-averaged flow velocity across the divide ux = 0 where
u =
T
ρwg
(ψ +∇N) . (2.7)
At the lower boundary we assume a constant effective stress equal to that at the
outlet of the conduit, indicating that our model terminates in either a change
of transport mechanism or a site of water storage, like a subglacial lake. At the
upper boundary, we specify a constant Darcy flow rate ct such that ub · ŷ = ct
to simulate porous media flow down into the drainage basin from a collection
area above. The conduit provides a final condition in the model, where the
node nearest the location of the conduit retains the value of effective stress
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calculated by our conduit flow model for that location. We assume that where
porous media flow occurs near a conduit, the portion of the flow perpendicular
to the conduit feeds this system. We calculate this meltwater flux from the
till surrounding the conduit using the results of the finite difference model
where the supply of melt to a given section of conduit per meter of conduit Ω
is defined as the component of melt perpendicular to the conduit
Ω = |u|bsin(θ), (2.8)
where θ is the angle between the conduit axis and the direction of Darcy flow.
Conduit Flow
Subglacial conduits cut into the till result from a balance between inward
viscous creep of the ice surrounding the conduit and melting due to turbulent
heating. Water flows through these conduits from high to low pressure and
draws in water from the surrounding till. We assume these conduits form a
dendritic network and exhibit a consistent cross-sectional shape, which dictates
the value of a frictional constant F . We formulate our governing equations for
conduit flow based on Nye’s 1976 discussion of flow in glacial tunnels (see also
Hewitt, 2011), where we consider conservation of water mass (2.9), a balance
between creep closure and turbulent melting of the conduit walls (2.10), a
turbulent water flow law based on the Gauckler-Manning formula for mean
velocity (2.11), and an energy balance that determines the conduit wall melting
rate in an isothermal system (2.12). We solve these equations,
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∂Q
∂s
+
∂S
∂t
=
M
ρw
+ Ω (2.9)
∂S
∂t
=
M
ρi
− SNc
ηi
(2.10)
Q2
S8/3
F =
Q2
S8/3
(
S
R2
)2/3
ρwgn
′2 = ψ − ∂N
∂s
(2.11)
ML = Q(ψ − ∂Nc
∂s
), (2.12)
for steady-state conditions, where the cross-sectional area S does not vary in
time t. Here Q is the volumetric flux, M is the melting rate of the conduit
walls, Ω is the component of water flowing to the conduit from the surrounding
bed calculated using Darcy’s law, ηi is the ice viscosity, R is the hydraulic
radius, n′ is Manning’s roughness coefficient, ŝ is the flow direction of the
conduit, and L is the latent heat of ice. We combine (2.9), (2.10),(2.11), and
(2.12) to determine the steady-state form of the changes in Q and N along the
direction of conduit flow as
dQ
ds
=
M
ρw
+ Ω
=
(
F
L
)3/11(
Ncρi
ηi
)8/11(
Q9/11
ρw
)
+ Ω, (2.13)
dNc
ds
=
ML
Q
− ψ
=
(
ρiNc
ηi
)8/11(
F
L
)3/11(
Q9/11
Q
)
L− ψ
=
(
F 3/11
Q2/11
)(
NcρiL
ηi
)8/11
− ψ. (2.14)
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Using an ODE integrator to solve these equations, we determine the
hydraulic gradient for possible channel orientations measured by angle from
the y-axis. We choose the starting conditions at the base of the model domain
as Nco = 50 kPa and Qo = 1 m
3/s within the range of values presented by
Hewitt (2011), who uses a similar formulation for conduit flow. For intuition,
using constant initial values implies a steady cross-sectional area at the base of
the model domain of ≈ 9.7 m2.
Effective Stress Profiles for Specified Conduit Angles
Initially we calculate the effective stress profile in the conduit and the
surrounding till for angles that conduits have been set to in previous studies:
0◦, 15◦, 30◦, and 45◦. We examine both the change in average effective stress
and in conduit effective stress over the length of our drainage basin as well as
the volumetric flux in the conduit and the average porous media flux across the
drainage basin at the same location. The results of these simulations show the
requisite effective stress profile for this configuration of conduit under steady-
state conditions. As we expect, when the conduit is maintained at steeper
angles, a higher effective stress drop occurs over the course of the conduit.
A region of low effective stress between the conduit and the central divide
indicates the presence of high-pressure fluid between symmetrical branches that
occur as we describe.
We then use these geometries to provide the starting bed conditions
for a conduit that follows the highest total potential gradient. We determine
this path by first calculating the potential gradients for a range of angles and
selecting the maximum value.
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CHAPTER III
RESULTS
In exploring the different configurations of branching in subglacial conduits
beneath ice sheets, we first evaluate the conditions required for branching of
conduits at specified angles. Using these effective stresses and ice-infiltration
depths as initial conditions for further iterations of the model’s governing
equations, we then implement our method for determining the path the conduit
would take. As porous media flow is calculated as the solution to Poisson’s
equation, this portion of our model is guaranteed to converge on a unique
solution for any conduit geometry where T = To. We also expect the existence
of a solution for the case in which T is a function of N . The conduit follows
the path where the fastest downstream flow occurs due to alignment with the
highest potential gradient. In our model, we assume that the conduit system
is in steady-state and thus implementing our model to determine the optimum
conduit path determines the sustainability of the conduit system as initially
calculated. When examining the figures presented, it is important to recall
that for all conduit configurations, branching is forced to occur 700 m from the
head of the glacier. We will vary the effective stress at which ice infiltration
occurs Ninfiltration in order to guage the highest potential gradient at the base
of the ice sheet. From (2.5) we know that varying Ninfiltration while holding λ
constant will affect the depth to which ice infiltrates. The critical effective stress
is determined by the typical pore size in the till, with larger pores resulting in
lower values of Ninfiltration. Thus the physical meaning of altering this value
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is to coarsen or fine the till bed as we decrease or increase the Ninfiltration
respectively.
Conduit Branching at Specified Angles
By initially specifying the angle at which branching occurs in our model,
we evaluate the conditions that the conduit network in this configuration
would require if it were maintained under steady-state condition given the
conditions described in Table 1. The initial rate of water supply to the conduit
Ω is estimated by assuming that some component of the water generated by
melting at the ice-bed interface travels parallel to the conduit and thus does
not contribute to Ω and because Qo is large relative to the porous media influx
from the surrounding bed, this assumption does not significantly alter our
resulting effective stress calculations. In, subsequent iterations of the model,
Ω is calculated as previously described (2.8). For all angles, large regions of low
effective stress (Figure 3) indicate high pressure fluid where the influence of the
conduit does not sufficiently drain the till. Around each conduit, we show the
corresponding depths to which ice has infiltrated (Figure 4) in order to illustrate
that an ice fringe lines the conduit in cases where Ninfiltration is low. As we
vary Ninfiltration (Figure 5, we see that the depth to which ice penetrates the
till around the conduit decreases until only a thin fringe remains at the head of
the conduit where the effective stress is highest for Ninfiltration = 60 kPa. Figure
6 presents a closer look at the pattern of porous media flow. We note that where
the till is far from the conduit, porous media flow aligns with the direction of ice
flow. The maximum magnitude of zb that we find for any value of Ninfiltration is
13
≈ -0.16 m, indicating that this λ value will not result in deep penetration of the
till.
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(d) Angle = 45 degrees
FIGURE 3. Graph of the effective stress in the drainage basin where
Ninfiltration = 10 kPa. The conduit is indicated as a black cross and the direction
of porous media flow is indicated by the vector field. Where the till is far from
the conduit, low effective stresses prevent ice infiltration into the till whereas the
regions nearest the conduit experience high effective stress and infiltration of ice
into the till to a depth shown in Figure 4.
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FIGURE 4. Graph of the ice-infiltration depths in the drainage basin where
Ninfiltration = 10 kPa. The conduit is indicated as a black cross and the effective
stress in the drainage basin is shown in Figure 3.
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FIGURE 5. Graph of the ice-infiltration depths in the drainage basin for
different vaules of Ninfiltration. The conduit is indicated as a black cross and
the direction of porous media flow is indicated by the vector field. Where the
till is far from the conduit, low effective stresses prevent ice infiltration into the
till whereas the regions nearest the conduit experience ice infiltration of up to
zb ≈ −0.16 m.
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FIGURE 6. Graph of the effective stress in the drainage basin for a set angle
of 15◦ where Ninfiltration = 10 kPa. Low effective stresses indicate high fluid
pressure. The conduit is indicated as a black cross and the direction of porous
media flow is indicated by the vector field. Where the till is far from the
conduit, porous media flow aligns with the direction of ice flow whereas near
the conduit, flow feeds the conduit system.
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Parameter Values
Rate of Ice Infiltration λ -2.6 ·10−10 (m2/s)/Pa
Sediment thickness b 1 (m)
Geometric factor for circular conduit F 650 (kg m−8/3)
Potential gradient due to ice thickness gradient ψ 19 (Pa/m)
Conduit effective stress at outlet Ncf 50 kPa
Volumetric flux at outlet Qf 1 m
3/s
Conduit branching angles 0◦, 15◦, 30◦, 45◦
Critical effective stress for ice infiltration Ninfiltration 5 - 60 kPa
TABLE 1 Table of initial parameters specified in calculating the initial effective
stress profile of conduits branching at predetermined angles.
For higher branching angles, porous media flow acts against the ice surface
elevation gradient in order to reach the conduit. Where negative effective
stresses occur, we increase the transmissivity of the porous media in order to
emulate the effects of ice-bed separation and film flow. As the transmissivity
of these regions is increased, water is evacuated more easily and the overall
gradient in effective stress in these regions is reduced (Figure 7). One effect of
increasing the transmissivity to account for film flow can be seen in the high
pressure gradients that line the boundary between regions of higher and lower
transmissivity. Overall, the change in transmissivity we apply here relieves
some of the high fluid pressure in these zero effective stress regions. We use this
technique to gather insight into the nature of the regions high fluid pressure,
but we do not implement this procedure in our subsequent modeling efforts for
simplicity in the selection of the conduit path.
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(c) Angle = 30 degrees
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(d) Angle = 45 degrees
FIGURE 7. Graph of the effective stress in the drainage basin where
Ninfiltration = 10 kPa and the transmissivity of regions of zero effective stress
or below is increased by a factor of five. The conduit is indicated as a black
cross and the direction of porous media flow is indicated by the vector field.
Conduit Path Selection Using Bed Conditions Calculated At
Specified Angles
Using the effective stress, ice infiltration depth, and transmissivity results
calculated by requiring conduit branching to occur at specified angles, we tested
the ability of the system to maintain the predetermined geometry. In evaluating
these initial inputs, we used our model to determine the highest potential
gradient available and found that the highest potential gradient remained
fixed along the chosen path. The results of this path selection process include
incorporation of the porous media flow rate in the bed into the calculation of
water supplied to the conduit as opposed to the initial estimation of Ω. These
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new effective stress profiles thus give a more realistic view of the steady-state
conduit network.
We evaluate conduit network geometry for multiple values of Ninfiltration
by graphing both the average effective stress and the conduit effective stress
(Figure 8). In order to interpret these curves, we show the results of the
conduit path selection model associated with the Ninfiltration = 5, 30, and 60
kPa alongside the graphed averages (Figure 9). By examining these figures we
see that for high critical effective stress values, insufficient ice penetrates the
area around the conduit, causing the highest potential gradient to lie along a
shallower angle for Ninfiltration = 60 kPa. At 700m, we observe that branching
occurs and the lowest value of Ninfiltration produces a higher overall effective
stress as a result of the decrease in the transmissivity of the region due to ice
infiltration and higher effective stress gradients are required to drive Darcy flow
toward the conduit.
Where Ninfiltration ≤ 10 kPa, we see the tendency of the highest potential
gradient to remain along the predetermined path for conduits surrounded by
infiltrated till as shallow as, zb ≤ −0.06 m. However, the conduits continue to
remained branched when the ice between the conduit and the central divide
infiltrated to a depth of zb ≤ −0.01 m instead of reverting to an angle of
0◦. In systems where porous media surrounds the conduit network, we see
that the magnitude of change in ice penetration depth greatly influences the
hydraulic gradient such that water may even flow against the gradient in the
ice surface elevation. We see this effect in our initial evaluations of the effective
stress profile for a conduit system branching at 45◦ (Figure 11) where for stable
branches at higher angles, porous media flow acts against the gradient in surface
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(c) Angle = 45 degrees
FIGURE 8. Graph of the conduit effective stress (solid) and average effective
stress in the surrounding bed (dashed) for Ninfiltration = 5, 30, and 60 kPa after
the conduit has selected its path using the three initially branched profiles. As
we did not see variation from the conduit system aligned with the gradient in
ice surface elevation, we do not include a graph here.
elevation in the region adjacent to the conduit. For hard bedded glaciers, the
small density difference between water and ice ensures that ρig >> (ρw − ρi)g so
that the gradient in the glacier surface exerts primary control on the hydraulic
gradient in the presence of water. With a soft-bedded glacier that is infiltrated
into the till beneath, the average density of ice-infiltrated till is such that
|ρig| ∼ |(ρw− ρiφ− ρt(1−φ))g| so that the gradients in the bed surface elevation
and gradients in the glacier surface are of comparable importance for driving
water flow. In our model, this helps to limit the degree to which conduits are
forced to align in the direction of glacier flow.
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(c) Ninfiltration = 60 kPa
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FIGURE 9. Graphs of the effective stress in the drainage basin after the conduit
has selected its path after setting the initial conduit path to 15◦ are shown for
Ninfiltration = 5 (a), 30 (b), and 60 kPa (c). The conduit is indicated as a black
cross and the direction of porous media flow is indicated by the vector field. For
comparison, we show the conduit effective stress (solid) and average effective
stress in the surrounding bed (dashed) for these scenarios (d), where Ninfiltration
= 5, 30, and 60 kPa are indicated by red, green, and blue lines respectively.
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CHAPTER IV
DISCUSSION
Our results show that, in the absence of physical barriers, the
highest potential gradient lies along the path parallel to ice flow. However,
configurations like that of a conduit branching even as low as 15◦ in this
snapshot view of the steady-state system build fluid pressure high enough to
cause flotation of ice between the conduits. If a significant portion of the bed
between two conduit branches reached flotation, this lack of basal friction might
allow sliding to occur more rapidly and potentially destroy the conduit network.
Conversely, the high effective stress between the two branches as well as the
infiltration of ice between the branches (Figure 5), in the region of the central
divide, is promising for stable low-angle branching. For high Ninfiltration values,
we see that when the conduit path is self-selected, the conduit migrates toward
the central divide until the smaller angle results in a high effective stress that
allows the ice to penetrate to a depth of 0.005 m, where this lower angle of
conduit can be maintained (Figure 10).
In preliminary efforts, we found that till-bedded models of subglacial
hydrologic networks that did not incorporate ice infiltration always aligned
with the potential gradient imposed by the changing ice surface elevation
unless allowed an imposed perturbation wherein the form of the network
was determined by the perturbation and did not follow the highest potential
gradient. Our results therefore imply that the natural controls on ice infiltration
may play an important role in the establishment of branched conduit networks
beneath ice sheets. These evaluations of the gradient in hydraulic potential are
23
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FIGURE 10. Graph of the effective stress and ice-infiltration depths in the
drainage basin where the conduit uses the effective stress and ice infiltration
data generated at a set angle of 15 degrees as initial conditions. We show here
the results for Ninfiltration = 5 kPa (a,b) and for Ninfiltration = 60 kPa (c,d). The
conduit is indicated as a black cross and the direction of porous media flow is
indicated by the vector field.
based on assumptions of an ice surface sloping steadily in the y-direction. These
assumptions favor the supression of branching in that the dominant influence
of the surface slope in determining the total potential gradient is aligned only
in the y-direction, whereas various surface features would locally alter these
potential gradients and the path of water flow. Additionally, by altering our
assumption of uniform sediment characteristics (i.e. porosity, permeability,
and density), local changes in the highest potential gradient may occur without
requiring changes in the surface slope.
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In our overall evaluation of the self-selected conduit paths, we find that
ice infiltration of the till establishes obstacles to water flow, forcing networks
to branch at low angles that maintain regions of high effective stress between
branches and maintaining an ice fringe of sufficient depth to impair water flow
across a central divide.
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FIGURE 11. Graphs of the effective stress in the drainage basin after the
conduit has selected its path after setting the initial conduit path to 45◦ are
shown for Ninfiltration = 5 (a), 30 (b), and 60 kPa (c). The conduit is indicated
as a black cross and the direction of porous media flow is indicated by the
vector field. For comparison, we show the conduit effective stress (solid) and
average effective stress in the surrounding bed (dashed) for these scenarios (d),
where Ninfiltration = 5, 30, and 60 kPa are indicated by red, green, and blue lines
respectively.
Infiltration of ice into the till in these regions may contribute additional
resistance to the flow of the overlying ice, inducing regions of slower sliding
surrounded by faster regions, ‘sticky-spots.’ This type of feature is identifiable
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in ice surface velocity measurements and may serve to locate areas where
water pressure is relatively low, allowing us to assess the structure of the local
hydrologic network. It is also important to note that differences in the change
in effective stress over the length of the conduit for each of the pre-set angles
(Figure 8) is small relative to the background effective stress, though the bed
effective stress varies significantly for each geometry. From this observation, we
conclude that measurements of effective stress and volumetric flux within the
conduit while useful for informing models like these, do not necessarily indicate
a specific network geometry.
In establishing conduit networks beneath an ice sheet, however, it may be
difficult for ice to infiltrate the till quickly enough to establish the conditions we
have identified for potentially viable network configurations. Work by Rempel
(2009) indicates that the time scale of ice infiltration is limited by the need to
conduct away latent heat and can range between between 11 and 2,000 years
under typical conditions. Since ice flow over a steady-state drainage network
will expose a given parcel of basal ice to changing levels of effective stres, the
infiltration of ice into till that we envision here has transient aspects. Our
simplified treatment with transmissivity as a linear function of the local effective
stress is intended as a first step toward accounting for the dynamic equilibrium
that may result. Additionally, the establishment of a conduit network may be
inhibited by an increase in basal frictional heating causing increased melting due
to the increased roughness caused by incorporation of till into the basal ice. The
presence of additional water may sufficiently overwhelm the system such that
rapid sliding occurs, destroying the developing conduit network.
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CHAPTER V
CONCLUSION
In this study, we evaluate various network geometries for conduits cut into
porous media in order to determine whether they are likely to exist beneath
an ice sheet given conditions typical to those of the East Antarctic Ice Sheet.
We use an ODE solver to determine the effective stress and volumetric flux
in these conduits and a finite difference model to evaluate the effective stress
in the surrounding bed. Given these model pieces, we determine the steady-
state configuration of the networks forced to branch at specified angles. We
further assess these steady-state systems by calculating the highest gradient
in hydraulic potential for a conduit system using an ODE solver in order to
determine if conduit flow would occur at the originally imposed geometry. We
solve our governing equations for porous media flow using a finite difference
method and allowing ice infiltration of the pore space to occur at a critical
effective stress Ninfiltration that we vary within network geometries. We find that
for low values of Ninfiltration, ice infiltration of sediment allows conduits initiated
at specified angles to follow the paths originally imposed on these systems.
Where insufficient ice infiltration occurs, the highest hydraulic potential gradient
remains aligned parallel to the gradient in ice surface elevation. Our results
speak to the importance of incorporating small-scale processes into models of
subglacial hydrologic networks.
Given the importance of ice infiltration into subglacial till to conduit
network geometry, future investigations should include variation in the
transmissivity, porosity, and density of the till bed. Future work might also
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consider the increase in basal friction caused by incorporation of till into the
base of the glacier. Alternative studies might investigate the affect of imposing a
nonuniform surface gradient in order to cause the highest gradient in hydraulic
potential to vary without the incorporation of small-scale processes in till
bedded-regions or in hard-bedded regions.
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APPENDIX A
CALCULATION OF BASAL MELT RATE
In order to determine the amount of heat available for conversion of ice
to water through melting at the base of an ice sheet, we consider three local
heat fluxes. We use intermediate values of the parameters required to calculate
the melt rate, where ranges are summarized in Appendix 2. Geothermal heat
conducted up through the rock at the base of the ice sheet provides a local heat
flux Qg. Estimates of this flux have been inferred as Qg ≈ 0.05 ± 0.02 W/m2
(Shapiro and Ritzwoller, 2004). Sliding at the base of the ice sheet also produces
heat, which can be calculated by multiplying the basal shear stress and the
sliding rate. Over inland areas of the East Antarctic Ice Sheet, we see a sliding
rate of Ws ≈ 20 ± 10 m/yr (Rignot et al., 2011). Using the BEDMAP dataset
(BAS, 2000)1, we calculate the basal shear stress τb in these locations using the
ice thickness H and surface slope ∇zs such that
τb = ρi · g ·H · ∇zs. (A.1)
We estimate τb as 40 ± 10 kPa, consistent with values reported by Joughin
et al. (2006) for the fringes of ice stream Recovery B, which extend into the
Recovery Basin, a basin in the East Antarctic Ice Sheet whose sliding rate and
geothermal heat flux motivate our choice of parameters for this study. The local
1British Antarctic Survey
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heat flux from frictional sliding and basal ice deformation is
Qf = τb ·Ws = (40× 103 Pa) · (20 m/yr) ≈ 0.03 W/m2. (A.2)
Heat is also lost at the bed as it is conducted away from the bed-ice
interface. The difference in temperature between the bed (0 oC) and the surface
(≈ -40 ± 3 oC) (Comiso, 2000) determines the thermal gradient over the
thickness of the ice (≈ 2500 m from BAS (2000)). The local heat flux away from
the bed Qb can therefore be estimated by multiplying the thermal gradient at
the bed and the thermal conductivity of ice such that
Qb = kice · ∆T
H
= 2.2 W/(m ·oC)
(−40 oC
2500 m
)
≈ −0.03 W/m2. (A.3)
This calculation of basal heat flux provides a first blush estimate of
the processes at work. Additional processes that affect this heat flux include
advection of heat by ice flow, which might introduce additional heat to the
system and energy dissipation by ice deformation, which would reduce our
estimate.
In order to determine the rate at which basal melting occurs, we equate
the heat available for meltwater production Qmelt with the local heat fluxes such
that
Qmelt = Qf +Qg +Qb ≈ 0.05 W/m2. (A.4)
If we assume that all of the heat available for melting produces melt at a
rate
·
m, then the local heat flux can be related to the total water mass produced
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by melting per time multiplied by the latent heat of fusion L to determine this
rate of melting
Qmelt = ρi· ·m ·L = Qf +Qg +Qb (A.5)
·
m =
(Qf +Qg +Qb)
ρi · L ≈
(0.05 W/m2)
920 kg/m3 · 3.35× 105 J/kg (A.6)
·
m ≈ 5 ± 3 mm/yr. (A.7)
The heat balance implies that meltwater is generated beneath the ice sheet
at a rate of approximately 5 mm/yr. Our model describes how this water makes
its way out from underneath the ice sheet by both conduit flow and porous
media flow. We assume that the only local influx of water into our system is
provided by basal melting, and thus this melting rate results in a relatively ‘dry’
bed when compared with ice sheets experiencing the additional input of surface
melting, high geothermal heat flux, or faster sliding rates.
31
APPENDIX B
DERIVATION OF GOVERNING EQUATIONS FOR POROUS MEDIA
FLOW
In this model we consider that the overlying ice sheet sits on a 0.1 - 10
m bed of uniform thickness till (Walder, 1982) that itself sits on impermeable
bedrock. Meltwater generated at the top of the till layer migrates toward
conduits carved into the till. These conduits rely on a steady influx of water
from the surrounding bed Ω. We assume that this till layer is entirely saturated
with water and that if water cannot migrate to the channel, water pressure
builds such that the effective stress far from the conduit becomes zero and the
overlying ice sheet experiences flotation. Should flotation occur, a new conduit
may be required to transport additional water from the saturated till. We do
not address this complication, but focus instead on the evacuation of meltwater
from beneath the ice sheet for a steady-state subglacial hydrologic network.
In order to determine the contribution of water from the till to the
conduit, we set up our model such that conduits flow through a bed of till
that is characterized by Darcy flow. Boundary conditions for a finite difference
model are required at hydrologic divides. Given the branching nature of our
conduit system, the divides parallel to the conduit are therefore located between
adjoining branches and between conduit networks at the limit of a given
network’s influence where water does not flow across these boundaries. The
uppermost boundary represents the transition from areas where porous media
flow still serves to evacuate all meltwater to the region in which sufficient water
gathers to carve out a conduit to better drain the till. The lower boundary
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of our model remains at constant effective stress and is perpendicular to the
conduit, indicating that our model terminates in either a change of transport
mechanism or a site of water storage, like a subglacial lake.
In order to incorporate the physical process of melt migration through
till, we consider that water migrates from areas of high pressure to areas of
low pressure. We first define the hydrostatic Phydro and nonhydrostatic δP
components of water pressure beneath the ice-bed interface at zo so that
Phydro(z) = P (zb) + ρwg(zb − z),
and P (z) = Phydro(z) + δP (z)
= P (zb) + ρwg(zb − z) + δP (z), (B.1)
where g is the acceleration of gravity, ρw is the water density, and the upper
boundary of water-saturated till is located at zb, which we will allow to vary as
ice infiltration occurs. By substituting this definition of pressure into Darcy’s
Law, we obtain an equation for water velocity
⇀
u through till with permeability k
in three dimensions and simplify the equation such that
⇀
u =
−k
µ
∇ [P (zb) + ρwg(zb − z) + ρwgz + δP (z)]
⇀
u =
−k
µ
∇ [P (zb) + ρwgzb + δP (z)] , (B.2)
where µ is the water viscosity.
We calculate the depth-averaged flow rate u as
u =
1
b
∫ b
0
−k
µ
∇ [P (zb) + ρwgzb + δP (x, y, z)] dz,
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where b is the thickness of the water-saturated zone. We integrate all but the
non-hydrostatic component of pressure while assuming that permeability k and
water viscosity µ are constant such that
u =
1
b
−k
µ
[
∇ (P (zb) + ρwgzb) b+
∫ b
0
∇ (δP ) dz
]
(B.3)
u =
−k
µ
∇ (P (zb) + ρwgzb)
[
1 +
1
b
1
∇ (P (zb) + ρwgzb)
∫ b
0
∇ (δP ) dz
]
. (B.4)
We focus on cases where the contribution of non-hydrostatic gradients is
small so that
u =
−k
µ
1 +





:
small
1
b
1
∇ (P (zb) + ρwgzb)
∫ b
0
∇ (δP ) dz
∇ (P (zb) + ρwgzb)
=
−k
µ
∇ (P (zb) + ρwgzb) . (B.5)
Having solved for the depth-averaged flow rate, we rewrite water pressure
in terms of the overburden pressure σ and the effective stress N at zb < 0, where
φ is porosity and ρt is the density of the till,
P (b) = σ −N (B.6)
= ρig (zs − φzb)− (1− φ)ρtgzb −N, (B.7)
and u =
−k
µ
(ρig∇(zs − φzb)− (1− φ)ρtg∇zb −∇N + ρwg∇zb) . (B.8)
As a result of our integration, we find that the average flow velocity does
not require knowledge of the thickness of the till through which water flows,
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only knowlege of the gradients driving flow, the permeability of the sediment,
and the water viscosity. Melt from the base of the ice sheet is supplied at the
rate calculated by the heat balance (A.7) and causes a divergence in the water
flux through the till so that
∇ · (ub) = ·m . (B.9)
We calculate the effective stress at the base of the ice sheet by accounting
for this source of water and the gradient in gravitational potential energy caused
by the weight of the overlying material where ice-saturated till has a density
ρb = φρi + (1− φ)ρt,
ψ = −ρig∇zs − (ρw − ρb)g∇zb, (B.10)
which is controlled by gradients in the glacier surface height ∇zs and in the
elevation of the basal interface with water-saturated till ∇zb. In the absence
of ice-infiltration of till, changes in the surface elevation dominate the potental
gradient as the density contrast between water and ice dampens the effect of
changes in bed surface elevation. Due to ice infiltration of till, where ρb ≈ 2ρw,
changes in the bed surface elevation contribute approximately equally to the
potential gradient. Combining (B.8), (B.9) and (B.10) gives the melt rate as
·
m = ∇ ·
(
bk
µ
[ψ +∇N ]
)
(B.11)
when | ·m | <<
∣∣∣∣kµ∇ (P (zb) + ρwgzb)
∣∣∣∣ .
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The thickness of till through which water flows b regulates the local
transmissivity
T = b ·Ksed, (B.12)
where the hydraulic conductivity Ksed and permeability are related by ρwgk =
µKsed. At a critical effective stress Ninfiltration, ice begins to infiltrate the till
(Rempel, 2009), reducing b and thus reducing T. Recognizing the dependence of
transmissivity on effective stress, we approximate the decrease in transmissivity
with effective stress by
T = To for N ≤ Ninfiltration (B.13)
and T = To + λ(N −Ninfiltration) for N > Ninfiltration. (B.14)
where To is the transmissivity before ice is able to infiltrate the till and λ is
treated as a positive constant for simplicity. Substituting into the relationship
between meltwater input and Darcy flow (B.11) gives
·
m ρwg = ∇ · [Tψ] +∇ · [T∇N ] (B.15)
·
m ρwg = (∇T ) · ψ + T (∇ · ψ) + (∇T ) · ∇N + T
(∇2N) . (B.16)
Using the relationship between gradient in transmissivity and gradient in
effective stress, this equation further simplifies to
∇2N =
·
m ρwg
T
−∇ · ψ − λ
T
∇N · ψ − λ
T
(∇N)2 (B.17)
where we note that λ = 0 when N ≤ Ninfiltration.
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Our governing equation (B.17) reflects the dependence of the change in
effective stress on the melt rate, transmissivity, and geometry of the ice sheet.
In our model, we assume that the height of the ice sheet surface varies only in
the y-direction as
zs = H + Ssy (B.18)
where the surface slope is Ss and change in the ice surface height is constant in
x̂. Due to the assumed constant surface slope, the gradient in ψ that contributes
to changes in the water transport rate (B.17) is dependent only on variations in
zb.
FIGURE 12. Rough diagram showing parameter definitions as well as how the
finite difference model relates to the physical boundaries of the system.
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To solve our field equation for distribution of effective stress along the
glacier base (B.17), we must first specify conditions along the boundaries of the
model domain. We expect that no water flows across the hydrologic divides at
x = 0 and x = xmax such that
ux(divide) = 0, (B.19)
Since there are no changes in zs or zb across the hydrologic divides, (B.8)
implies that the x-components of the gradients in effective stress vanish such
that ∂N/∂x = 0 at x = 0 and x = xmax, providing a boundary condition for
our finite difference model at these locations. At the lower boundary, we assume
a constant effective stress consistent with the effective stress at the outlet of the
conduit, indicating that our model terminates in either a change of transport
mechanism or a site of water storage like a subglacial lake. Across the upper
boundary, we specify a constant Darcy flow rate as might be contributed from
a collection area located beyond the reach of a channelized system. Using (B.8)
to solve for effective stress gradient resulting from this boundary condition such
that
bu · ŷ = ct = T
ρwg
(−ρig∇zs +∇N − (ρw − ρb)g∇zb) · ŷ
ctρwg
T
= −ρigSs − (ρw − ρb)g∂zb
∂y
+
∂N
∂y
∣∣∣∣
y=top
.
By recalling that basal elevation is defined as the height of infiltration into
the till from the base of the ice sheet where b = zb+hsed, we define the change in
zb across this boundary as a function of the change in effective stress (B.14) in
the same direction. We then solve for the gradient in effective stress across the
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upper boundary of the model such that
ctρwg
T
+ ρigSs = (1− (ρw − ρb)gλ/Ksed) ∂N
∂y
∣∣∣∣
y=top
∂N
∂y
∣∣∣∣
y=top
=
ctρwg
T
+ ρigSs
1− (ρw − ρb)gλ/Ksed . (B.20)
Finite Difference Formulation
In our coordinate system, the ‘top’ of the finite difference model, where
y(top) is equal to the length of the entire drainage basin considered divided by
the number of nodes. The coordinate system and boundary conditions used
in the model assume that branching occurs symmetrically around a central
conduit that is supplied by meltwater from both sides of the conduit and whose
subsequent branches are supplied only by meltwater from between the central
and far hydrologic divide. When we discuss the field equations in terms of a
finite difference equation, we will discuss the effect of these boundary conditions
on the field equations. Written in terms of partial derivatives with respect to the
x- and y- coordinates, the field equation becomes
∂2N
∂x2
+
∂2N
∂y2
=
·
m ρwg
T
−
(
∂ψ
∂x
+
∂ψ
∂y
)
− λ
T
(
∂N
∂x
ψx +
∂N
∂y
ψy
)
− λ
T
[(
∂N
∂x
)2
+
(
∂N
∂y
)2]
∂2N
∂x2
+
∂2N
∂y2
=
·
m ρwg
T
+ (ρw − ρb)g
(
∂2zb
∂x2
+
∂2zb
∂y2
)
+
λ(ρw − ρb)g
T
(
∂N
∂x
∂zb
∂x
)
+
λ
T
(
∂N
∂y
)(
ρig
∂zs
∂y
+ (ρw − ρb)g∂zb
∂y
)
− λ
T
[(
∂N
∂x
)2
+
(
∂N
∂y
)2]
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For a second order difference of a function f over a distance h,
f ′′(x) =
f(x+ 1)− 2f(x) + f(x− 1)
h2
, (B.21)
and when we apply this equation to our governing equation for a uniform grid
spacing (dy = dx), we can solve for the effective stress in a location in terms of
the nodes around it using a 5-point stencil where N is the effective stress at a
node, positive j indicates the upstream y-direction, and positive i indicates the
x-direction such that
∂2N
∂x2
+
∂2N
∂y2
=
Ni+1,j − 2Ni,j +Ni−1,j
dx2
+
Ni,j+1 − 2Ni,j +Ni,j−1
dy2
=
Ni+1,j +Ni−1,j +Ni,j+1 +Ni,j−1 − 4Ni,j
dy2
. (B.22)
For a slope over a distance 2h,
f ′(x) =
f(x+ 1)− f(x− 1)
2h
(B.23)
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and so we write the rest of the components of Eq. (B.21) out in the same
manner such that
·
m ρwg
T
=
·
m ρwg
Ti,j
(ρw − ρb)g
(
∂2zb
∂x2
+
∂2zb
∂y2
)
= (ρw − ρb)g
(
zb(i+1,j) + zb(i−1,j) + zb(i,j+1) + zb(i,j−1) − 4zb(i,j)
dy2
)
λ(ρw − ρb)g
T
(
∂N
∂x
∂zb
∂x
)
=
λ(ρw − ρb)g
T
(
Ni+1,j −Ni−1,j
2dx
)(
zb(i+1,j) − zb(i−1,j)
2dx
)
λ
T
(
∂N
∂y
)
ρig
∂zs
∂y
=
λ
Ti,j
(
Ni,j+1 −Ni,j−1
2dy
)
ρigSs
λ
T
(
∂N
∂y
)
(ρw − ρb)g∂zb
∂y
=
λ
Ti,j
(
Ni,j+1 −Ni,j−1
2dy
)(
(ρw − ρb)gzb(i,j+1) − zb(i,j−1)
2dy
)
−λ
T
[(
∂N
∂x
)2
+
(
∂N
∂y
)2]
= − λ
Ti,j
[(
Ni+1,j −Ni−1,j
2dx
)2
+
(
Ni,j+1 −Ni,j−1
2dy
)2]
.
It is important that none of these components is dependent on Ni,j and
the field equation allows us to use an iterative solution technique to solve for
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effective stress such that
Ni,j =
1
4
(Ni+1,j +Ni−1,j +Ni,j+1 +Ni,j−1)−
·
m ρwg · dy2
4Ti,j
− (ρw − ρb)g
4
[zb(i+1,j) + zb(i−1,j) + zb(i,j+1) + zb(i,j−1) − 4zb(i,j)]
− λ(ρw − ρb)g
16Ti,j
(Ni+1,j −Ni−1,j)(zb(i+1,j) − zb(i−1,j))
− λ(ρw − ρb)g
16Ti,j
(Ni,j+1 −Ni,j−1)(zb(i,j+1) − zb(i,j−1))
− λρig · dy
8Ti,j
Ss(Ni,j+1 −Ni,j−1)
+
λ
16Ti,j
[
(Ni+1,j −Ni−1,j)2 + (Ni,j+1 −Ni,j−1)2
]
. (B.24)
Given the boundary conditions discussed previously for the hydrologic
divides,
N0,j = N2,j, and
zb(0,j) = zb(2,0)
x = 0
Nmax−1,j = Nmax+1,j, and
zb(max−1,j) = zb(max+1,j)
x = xmax
and for the upper bound of the model
Ni,j−1 = Ni,j+1 −
ctρwg
Ti,j
+ ρigSs
1− (ρw − ρb)gλ/Ksed (B.25)
so that the values of nodes outside the extent of our model are not
required. After each iteration of the finite difference model, we calculate the
transmissivity of the bed at each node (B.14), and from this value determine zb.
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The final condition required by our finite difference model is the value of
the effective stress in the conduit and the location of that conduit. The effective
stress in the conduit for each conduit node is determined by the conduit flow
model described in Appendix C. After the effective stress and the location of
the conduit are determined, the coordinates of the conduit are matched to the
nearest node, which then retains the effective stress at that point in the conduit.
We then run the finite difference model using these conditions for the hydrologic
divides, top boundary condition, constant lower bound, and conduit effective
stress in conjunction with the field equation (B.24) to determine the effective
stress at the ice-bed interface for each node of our model.
Given the values of effective stress and the depth of infiltration of the ice
into the till, we calculate the magnitude and direction of flow
u =
−k
µ
(ρig∇zs −∇N + (ρw − ρi)g∇zb) . (B.26)
Sucessive integrations of the conduit flow model are then informed by the
information gained through this porous media flow model, where the supply
of melt to a given section of conduit per meter of conduit Ω is defined as the
component of melt perpendicular to the conduit
Ω = |u|bsin(θ) (B.27)
where the angle θ is defined on the diagram in Figure 13 and Ω represents the
volume of water supplied to the conduit when integrated over the the conduit
segment of length `. We perform this process of determining the melt supply to
the conduit for the nodes supplying the conduit on either side of the proposed
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conduit segment, where the central conduit is supplied by melt from either side
of the y-axis keeping in mind the assumption of symmetrical branching.
FIGURE 13. Visual representation of the calculated water flow. The solid path
represents the section of conduit supplied by these adjacent nodes, where the
arrows indicate the direction of water flow (B.26). These arrows are plotted on a
map of effective stress following the completion of the model.
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APPENDIX C
DERIVATION OF CHANNELIZED FLOW EQUATIONS
In Nye’s 1976 discussion of water flow in glaciers, he derived a generalized
set of equations for water flow in a conduit. This derivation is based on previous
work by Rothlisberger (1972) and Weertman (1972). I present his derivation
here and state the assumptions that allow further simplification of these
equations to the form used in my model. These equations are derived for a
conduit that is filled with water. To fully describe the processes in a conduit
thermodynamically we must consider the work associated with the change
of conduit diameter, the dependence of melting point on pressure, and the
temperature gradient along the tunnel.
FIGURE 14. Visual representation of the conduit system. We assume that this
segment of the conduit is short and that the length ` is a function of both time
and location.
We first consider the processes affecting a given cross-section of conduit.
The conduit experiences turbulent water flow, causing frictional heating and
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melting but it is simultaneously contracting due to plastic deformation of the
ice around it. Changes in these processes are reflected in changes in the cross-
sectional area S of the conduit section over time as
∂S
∂t
=
M
ρi︸︷︷︸
melt contribution
+
(
∂S
∂t
)
plastic︸ ︷︷ ︸
plastic contribution
(C.1)
where M is the melting rate of the conduit walls and a nonlinear ice rheology
is most appropriate for plastic ice flow. Based on research by Glen (1955),
the creep of ice in a conduit with a circular cross-section is proportional to
the effective stress in the conduit Nc raised to a creep exponent, which he
experimentally determined to be approximately three. This deformation is
also proportional to a constant, K0, much like viscosity in that it is a material
property. In the case of ice, this constant is dependent on both temperature and
fabric and for simplicity, we implement a linear ice rheology such that n = 1.
The plastic deformation of a conduit cross-section is
(
∂S
∂t
)
plastic
= −K0SNnc . (C.2)
We assume that the change in water mass in this system is only a function
of ∂S
∂t
and the change in volume flux of water across the cross-section ∂Q
∂s
, where
these changes are partly balanced by the water contribution from the melting
conduit walls. Nye (1976)’s formulation for continuity does not include the
contribution of water from the bed Ω, though we include it here as an additional
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source of water such that
∂Q
∂s
+
∂S
∂t
=
M
ρw
+ Ω. (C.3)
By the first law of thermodynamics, since there are no kinetic energy
inputs, we can equate the total change in energy of the system to the rate of
work done on the system. Work is done on this system by the external pressure,
which causes contraction of the conduit, by the water pressure on both the
upstream and downstream boundaries and by gravity. The external pressure
pushes in on the system in order to cause plastic deformation and is resisted by
the internal water pressure P. This water pressure also does work on the system
at the upstream and downstream ends of the conduit section, over which a
change in both the conduit pressure and the volumetric flow rate occurs within
the conduit. Lastly, the downstream-component of gravity gs does work on the
system by acting on the water mass flowing through the conduit section.
If we assume that the water is well-mixed by turbulent flow, then the
change in internal energy is due to the change in temperature of the water over
time and the difference between the temperature of the water flowing in the
conduit and the temperature of a thin film of water at the melting temperature
present at the ice-water interface. To determine the amount of energy required
to raise the water temperature in the conduit of mass S`ρw, we multiply the
specific heat C and the rate of temperature change. The total amount of energy
required to both melt water and incorporate it into the system is a function of
both the difference in internal energy between the water and ice ∆u = L− P∆v
and the amount of energy required to raise the temperature of the water in
film Θi to the temperature of water in the conduit Θw. The change in internal
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energy that occurs as a result of melting is equal to the difference between the
latent heat of melting and the pressure of the system multiplied by the volume
change. By assuming an isothermal system, we find that the change in internal
energy per length of conduit is


−P
(
∂S
∂t
)
plastic︸ ︷︷ ︸
work done on system
by pressure causing
plastic deformation
− ∂(PQ)
∂s︸ ︷︷ ︸
work done on
system by water
pressure on upstream
and downstream
boundaries
+ Qρwgs︸ ︷︷ ︸
work done by gravity
= 


SρwC
dΘw
dt
δt︸ ︷︷ ︸
internal energy
needed to raise
the temperature
of conduit water to
Θw
+M [L−P∆v +(((((((C Θw −Θi)]︸ ︷︷ ︸
internal energy
needed to generate
new melt and raise
melt to temperature
of conduit
, (C.4)
where the plastic deformation term is canceled by the change in internal energy
due to a change in volume. If we assume that the volumetric flow that does
work at the ends of the conduit section is constant and that the cross-sectional
area and length are both constant as well, we can rewrite this equation to
isolate the heat output used in melting from the other terms leaving only
Q(ρwgs − ∂P
∂s
) = ML. (C.5)
We have thus related the pressure gradient to the volumetric flow
along the conduit using a thermodynamic approach, but we can also relate
these variables by considering the relationship between the mean velocity for
turbulent flow and the heat generated by friction by this flow through a rough
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conduit. The mean velocity u is the flow rate per area and is a function of
the pressure gradient, where these quantities can be related by the Gauckler-
Manning formula, which has been used by Rothlisberger (1972) for subglacial
conduits. This formulation considers the hydraulic radius R and Manning’s
roughness coefficient n′ in order to take into account the shape and the effects
of friction on the flow respectively. The Gauckler-Manning formula for mean
velocity,
u =
Q
S
=
R2/3
n′
[
1
ρwg
(
ρwgs − ∂P
∂s
)]1/2
, (C.6)
can be manipulated by defining a constant F such that
F =
(
S
R2
)2/3
ρwg(n
′)2 (C.7)
in order to rewrite the original formula as
Q2
S8/3
F = ρwgs − ∂P
∂s
. (C.8)
The relationship between hydraulic radius and the cross-sectional area is
such that
R =
S
(perimeter)
S
R2
=
S(perimeter)2
S2
=
(perimeter)2
S
.
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For example, in the case of semicircular conduit cross-section,
S
R2
=
(pir + 2r)2
1
2
pir2
=
2(pi + 2)2
pi
and by using a Manning’s roughness coefficient value of n′ = 0.1 m−1/3/s, the
constant F has a value of ≈ 650 kg/m−8/3. By rewriting the equation for mean
velocity (C.8), we have compressed the geometry and friction factors into F ,
which does not depend on the size of the conduit and instead only depends
on the shape of the conduit which we assume to be constant throughout the
conduit network. In total, we now have 4 equations to describe flow of water
within a conduit which can be simplified to give the governing equations for our
channelized flow model. Under the assumption of a linear ice rheology K0 =
1
ηi
,
where ηi is the ice viscosity, our equation (C.1) governing the geometry and flow
of ice can be written in terms of the effective stress in the conduit Nc as
∂S
∂t
=
M
ρi
− SNc
ηi
. (C.9)
The conservation of water mass is described by our continuity equations
(C.3), which accounts for water input through the melting of the conduit walls
as well the contribution of melt from the surrounding bed. The turbulent flow
of water within the conduit is governed by the rearranged Gauckler–Manning
equation (C.8) and can be rewriten in terms of the change in effective stress
along the conduit as well as the potential gradient resulting from the effect of
50
gravity on the overlying ice ψ (B.10)
Q2
S8/3
F = ψ · ŝ+ ∂Nc
∂s
. (C.10)
The energy balance within the conduit, derived earlier in terms of separate
gravity and water pressure terms, can be rewritten in terms of the same
geometry factor and the effective stress. As previously stated, we also assume
that there is no change in temperature either along the conduit or in time,
reducing our energy equation to
ML = Q(ψ · ŝ+ ∂Nc
∂s
). (C.11)
By assuming that the conduit is in a steady-state configuration, we take
the cross-sectional area of the channel as constant in time such that ∂S
∂t
= 0. We
can then solve the kinematic condition for the conduit walls (C.9) for M such
that
0 =
M
ρi
− SNc
ηi
M =
SNcρi
ηi
. (C.12)
By then combining the turbulent flow law (C.10) and energy balance
(C.11), we solve for cross-sectional area and substitute in our previous definition
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of conduit wall melting rate M (C.12) such that
FQ2
S8/3
=
(
ψ +
∂Nc
∂s
)
=
ML
Q
S =
(
FQ3
ML
)3/8
=
(
FQ3ηi
LNcρi
)3/11
(C.13)
and S can now be substituted into M in order to eliminate S from calculations.
M =
SNcρi
ηi
=
Ncρi
ηi
(
FQ3ηi
LNcρi
)3/11
=
(
F
L
)3/11(
Ncρi
ηi
)8/11
Q9/11 (C.14)
This substitution renders specific knowledge of the conduit size
unnecessary and thereby reduces the potential for error introduced by
estimating conduit cross-sectional area. By substituting our equation for channel
melt rate (C.14), into the conservation of mass equation (C.3) and into the
energy balance (C.11), we can produce two ordinary differential equations that
may then be solved for in Matlab.
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∂Q
∂s
=
M
ρw
+ Ω
=
(
F
L
)3/11(
Ncρi
ηi
)8/11(
Q9/11
ρw
)
+ Ω (C.15)
∂Nc
∂s
=
ML
Q
− ψ
=
(
ρiNc
ηi
)8/11(
F
L
)3/11(
Q9/11
Q
)
L− ψ
=
(
F 3/11
Q2/11
)(
NcρiL
ηi
)8/11
− ψ (C.16)
The parameters ψ and Ω can be taken from the glacier geometry and
estimates from our porous media flow model respectively. From (C.10), we know
that the magnitude of the hydraulic gradient is ∇Φ = ψ + ∂Nc/∂s. In order to
determine the optimum path of the conduit, we calculate this hydraulic gradient
over the length of the conduit `
∇Φ =
(
F 3/11
Q2/11
)(
NcρiL
ηi
)8/11
. (C.17)
By determining the hydraulic gradient for possible channel orientations
measured by angle from the y-axis, we find the highest hydraulic gradient. The
first time this integration is run, we impose a specific angle of branching on
the conduit system by requiring it to choose the path at the given angle. This
specified angle is not used in subsequent iterations of the model, where conduit
branches are divided by regions of relatively high effective stress that results in
infiltration of ice into the till and in some cases establishes a physical barrier to
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FIGURE 15. Visual representation of the various segments of conduit for which
the total hydraulic gradient is calculated. We determine the ultimate path of
the conduit by determining which path has the highest hydraulic gradient.
meltwater flow. This barrier may cause the highest potential gradient, which is
otherwise dominated by the strong potential gradient resulting from changes in
ice surface elevation, to be at an angle to the direction of ice flow.
In systems where porous media surrounds the conduit network, we see
that the magnitude of change in ice penetration depth greatly influences the
hydraulic gradient such that water may even flow against the gradient in the ice
surface elevation. The density difference between water and ice ρig >> (ρw−ρi)g
that allows changes in surface gradient to exert primary control on the total
potential gradient in the presence of water is offset by the added weight of till
incorporated into the ice such that, given full ice saturation of the pore space,
|ρig| ≈ |(ρw − ρiφ − ρt(1 − φ))g|. If these gradients oppose one another, Darcy
flow stagnates where
u = 0 =
−k
µ
∇Φ. (C.18)
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By solving for the gradient in the elevation of the ice-bed interface, we find that
when
∇zb = ∇N − ρig∇zs
(ρw − ρb)g , (C.19)
flow is stagnated and where ∇zb exceeds the right-hand side value of this
equation, flow can be opposite the ice surface elevation gradient. If we assume
that the till is quartz, ρt = 2650 kg/m
3, and the porosity of the till is 0.35 the
equation simplifies to
∇zb = 0.88∇zs − 9.8 · 10−5Pa−1∇N, (C.20)
where assuming that the ice does not entirely saturate the pore space serves to
increase the magnitude of the gradient in basal ice depth required to oppose
flow. We note that the gradient in effective stress contributes relatively little
to the transition in flow direction described here. For a 1 m change in zs, ∆N
would need to be on the order of 100 kPa in order to significantly influence the
direction of porous media flow.
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Parameter Range Associated Error Source
Qg 0.035 - 0.055 W/m
2 ±0.02 W/m2 Shapiro and Ritzwoller (2004)
Ws 7 - 30 m/yr ± 5 - 17 m/yr Rignot et al. (2011)
τb 25 - 50 kPa ±10 kPa Joughin et al. (2006)
∆T 37 - 43 oC ±3 oC Comiso (2000)
H 2000 - 2800 m ±5 m BAS (2000)
Ss 0.001 - 0.01 m/m ± 0.001 m/m BAS (2000)
Qmelt 1.1 - 7.4 mm/yr ±3 mm/yr
TABLE 2 Table of parameter values and associated errors used in calculation of
heat balance.
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